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Defin i t ion  
d is tance  between p l a t e s  a t  opening 
A / 2 ,  y value of sur face  a t  x = 0 
y value of surface a t  x = L 
length of plates  
loca l  normal 
x and y coordinates of the point  of c o l l i s i o n  with 
the upper p l a t e  
x and y coordinates of the point  of c o l l i s i o n  wi th  
the lower p l a t e  
coordinates of random point  on the entrance l i n e  
angle between the loca l  normal and the  molecule path 
angle  between the molecule path and the p o s i t i v e  
x-axis 
angle  of divergence or  convergence of t he  sur faces  
with respec t  of p o s i t i v e  x-axis 
angle of divergence o r  convergence of the su r face  with 
respec t  t o  p a r a l l e l  p l a t e  configurat ion 
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SUMMARY 
This study presents  the  r e s u l t s  of an inves t iga t ion  of Knudsen flow 
and near Knudsen flow through i n f i n i t e l y  wide, p a r a l l e l  and skewed, f l a t  
p l a t e s .  Monte Carlo computer techniques were used. Two simple models 
f o r  considering molecule-molecule in t e rac t ions ,  a s  w e l l  a s  molecule- 
su r f ace  in t e rac t ions ,  were used t o  examine the  near-Knudsen flow regime. 
Transmission p robab i l i t i e s  f o r  various length-to-entrance r a t i o s  and f o r  
var ious angles of skewness a r e  presented. The influence of mean f r e e  
path and length-to-entrance r a t i o s  on Knudsen flow determination is 
d is cussed . 
I. INTRODUCTION 
The study of r a r e f i e d  gas dynamics has became of increasing i n t e r e s t  
t o  many areas  of s c i e n t i f i c  and engineering problerps o ther  than that of 
low dens i ty  aerodynamics. 
s imulat ion chamber design, measurements of vapor pressures of mater ia l s ,  
design of ion engine t h r u s t  chambers, e t c .  The region which is of most 
i n t e r e s t  and which has been invest igated most thoroughly is the  regime 
of free-molecule flow (or Knudsen flow). Free-molecule flaw is charac- 
t e r i zed  by dens i t i e s  so low t h a t  intermolecular co l l i s ions  can be ignored, 
and only c o l l i s i o n s  with surfaces  need be considered. 
f r e e  molecule flow problems can be found i n  most t e x t s  on k i n e t i c  theory; 
however, many de ta i l ed  s tud ie s  have been conducted by a l a rge  number of 
inves t iga tors .  Perhaps the most i n t e re s t ing  parameter of Knudsen flow is 
t k  transmission probabi l i ty ;  t ha t  is, the  p robab i l i t y  that a molecule 
w i l l  pass through the  configuration under study. Because P. Clausing [l] 
conducted extensive invest igat ions of t h i s  parameter, transmission pro- 
b a b i l i t i e s  are genera l ly  ca l l ed  Clausing f ac to r s .  
This is evident from the s tud ie s  f o r  space 
Solutions t o  general  
Most inves t iga tors  today continue t o  use Clausing's approach t o  
problems i n  f r e e  molecule flaw. In  1960, D. H. Davis [2 ]  demonstrated 
the use of Monte Carlo computer methods t o  determine Clausing f ac to r s  
f o r  simple and complex geometries. Since t h a t  time, other  inves t iga tors  
have used t h i s  approach f o r  such s tud ie s  [3, 4, 51. Several years ago 
the writer f e l t  that the Monte Carlo s tud ie s  might o f f e r  a s i g n i f i c a n t  
advantage i n  the  study of f r e e  molecule and t r a n s i t i o n  flow regimes. By 
following the  co l l i s ions  of molecules with the  wal l s  and with o ther  
molecules , perhaps b e t t e r  i n s igh t  of the  importance of parameters such 
a s  r e f l e c t i o n  coe f f i c i en t s ,  energy accommodation c o e f f i c i e n t s ,  momentum 
accommodation coe f f i c i en t s ,  s t i c k i n g  c o e f f i c i e n t s ,  capture  c o e f f i c i e n t s ,  
e t c . ,  could be obtained. Accordingly, s eve ra l  s t u d i e s  and computer pro- 
grams were i n i t i a t e d .  Some of these  r e s u l t s  have been published [ 4 ,  51. 
Present  s t u d i e s  include the  determination of transmission p r o b a b i l i t i e s  
through i n f i n i t e l y  wide, p a r a l l e l  and skewed, f l a t  p l a t e s ;  rec tangular  
ducts ;  and c i r c u l a r  tubes including e f f e c t s  of o ther  parameters such a s  
speed r a t i o s  (the r a t i o  of mass v e l o c i t y  t o  the  most probable molecular 
v e l o c i t y ) ,  angle  of a t t a c k ,  mean f r e e  path,  e t c .  These s t u d i e s  a r e  being 
published i n  a s e r i e s  of r epor t s  of which t h i s  is the  f i r s t .  This paper 
presents  the transmiss ion p r o b a b i l i t i e s  through i n f i n i t e l y  wide, p a r a l l e l  
and skewed, f l a t  p l a t e s  a s  a func t ion  of the  length  of the  p l a t e s  and the 
angle  of skewness. N o  da ta  f o r  speed r a t i o s  o r  angle  of a t t a c k  a r e  given 
a t  t h i s  time. Results from an e a r l y  s e r i e s  of mean f r e e  path s t u d i e s  
a r e  presented. 
~ 
The au thor  is deeply indebted t o  M r .  David W. Tarbe l l  f o r  h i s  
i n t e r e s t  and p a r t i c i p a t i o n  i n  the  development of the  techniques,  ideas 
and programs used f o r  t h i s  study. Through t h i s  acknowledgement, the  
writer wishes t o  recognize the  e f f o r t  which he has expended i n  these 
s tud ie s .  Also the author is indebted t o  Mr. Raymond Smith who p a t i e n t l y  
incorporated the many changes i n t o  h i s  computer programs. 
11. ASSUMPTIONS AND PROCEDURES 
Typical of any s tudy of f r e e  molecule flow a r e  the assumptions: 
(1) t h a t  only molecule-surface col l is ' ions  need be considered and (2) 
t h a t ,  a f t e r  co l l id ing  with a sur face ,  the  molecules a r e  r e f l e c t e d  d i f -  
fusely.  The model f o r  t h i s  s tudy can be envisioned as i n f i n i t e l y  wide, 
f l a t  sur faces  connected t o  two semi - in f in i t e  l a rge  v e s s e l s ,  one a t  some 
low dens i ty  p and the  o ther  a t  a pe r f ec t  vaeuum. Thus, the  flow w i l l  be 
from the  v e s s e l  with dens i ty  p t o  the  o ther  ves se l  and no molecules w i l l  
r e e n t e r  the  system. While t h i s  s i t u a t i o n  is not  phys ica l ly  poss ib le ,  i t  
s u f f i c e s  f o r  the determination of transmission p r o b a b i l i t i e s .  This con- 
d i t i o n  s p e c i f i e s  t h a t  molecules en te r  the  volume of i n t e r e s t  with a 
cosine d i s t r i b u t i o n  with r e spec t  t o  the  plane of the  opening. 
s i n c e  the  p l a t e s  a r e  i n f i n i t e l y  wide, one need not consider the  t h i r d  
dimension, and two-dimensional so lu t ions  may be used. (The assumption 
is  a l s o  v e r i f i e d  by the rec tangular  duct  s tud ie s  t o  be repor ted  l a t e r .  
Using a three-dimensional study, one can obta in  the  same r e s u l t s  a s  the  





The a c t u a l  program is a very s i m p l e  procedure. A random pos i t ion  on 
the  entrance plane (a l i n e  i n  two-dimensions) is generated,  and the 
d i r e c t i o n  cosines a r e  randomly generated (but constrained wi th  the d i f -  
fuse  r e f l e c t i o n  concept). The molecule is then t e s t ed  t o  see i f  it w i l l  
pass through the  system o r  co l l i de  with the surfaces .  I f  a c o l l i s i o n  
occurs, the  coordinates of the c o l l i s i o n  a r e  determined, new d i r e c t i o n  
cosines are generated,  and the  molecule is again t e s t ed  t o  see i f  it 
passes through the  system ( a t  e i t h e r  e x i t )  o r  i f  i t  co l l i des  again.  The 
molecule is followed u n t i l  it e x i t s  the  system o r  u n t i l  a spec i f i ed  number 
of c o l l i s i o n s  a r e  made. Although t h i s  s p e c i f i c  number of c o l l i s i o n s  can 
be any value,  it usual ly  ranged from 20 t o  100, depending on the  length- 
to-opening r a t i o  of the  p la tes .  For la rge  length-to-opening r a t i o s ,  a 
s i g n i f i c a n t  number of molecules make over 100 c o l l i s i o n s  without e x i t i n g  
t h e  system. Analysis of computer r e s u l t s  ind ica tes  t h a t  s u f f i c i e n t  
accuracy is obtained by following the  h i s t o r y  of 10,000 molecules. 
Resul ts  are tabulated with respect  t o  the e x i t  plane and the  n h e r  of 
co l l i s ions .  
To consider intermolecular c o l l i s i o n s ,  t he  s a m e  procedure is used 
except that, f o r  a given mean f r ee  path,  random f r e e  paths a re .genera ted  
cons i s t en t  with the  d i s t r i b u t i o n  of f r e e  paths f o r  t he  spec i f i ed  mean 
f r e e  path. The molecule path length is then ca lcu la ted  and compared wi th  
the  f r e e  path. I f  the  molecule path becomes longer than the f r e e  path 
before  the  molecule e x i t s  the  sys tem,  a c o l l i s i o n  is assumed, and the  
coordinates of t h e  pos i t ion  of the molecule when its path equals the  f r e e  
path are calculated.  The molecule is then randomly s c a t t e r e d  from that 
poin t ,  a new f r e e  path is generated, and the procedure continues. For 
t h i s  i n i t i a l  study, molecular co l l i s ions  wi th  the wal l  a r e  no t  considered 
t o  change the  f r e e  path length. 
111. PROGRAM DESCRIPTION 
The d e t a i l s  of the  computer programs fo r  the  f l a t  p l a t e s  can be 
most e a s i l y  understood by r e fe r r ing  t o  Figure 1. 
t o  en te r  from the  r i g h t  uniformly along the  x = 0 l i n e .  The i n i t i a l  
coordinate  y is ca lcu la ted  from the expression 
Molecules are assumed 
Y = A o ( l  - 2RJ 
where R is a random number between 0 and 1.0. (For convenience, a l l  
r e s u l t s  are expressed i n  terms of the  r a t i o  of length t o  opening.) 
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The angle  cp is given by 
cp = 180' + e ,  
where e is given by 
s i n  8 = (1 - 2R,). 
The equation f o r  the  Y, = tan cp (X,) + Y, is then generated and t e s t ed  
t o  s e e  i f  i t  i n t e r s e c t s  with the  sur faces  o r  with the  e x i t  l i n e  x = L. 
I f  the  molecule e x i t s ,  the  event is recorded and a new molecule is 
s t a r t e d .  I f  a c o l l i s i o n  with the  su r face  occurs,  the  coordinates  of 
the  in t e r sec t ion  a r e  ca lcu la ted  from 
f. A, - L tan cp - Y, 
tan cp - tan 6 (+) - 
where the + and - s igns  r e f e r  t o  the upper and lower p l a t e s ,  respec t ive ly .  
New d i r e c t i o n  cosines a r e  generated and the  molecule is t e s t e d  again,  t h i s  
time t o  s e e  i f  it e x i t s  e i t h e r  opening o r  c o l l i d e s  with the  su r faces .  
it e x i t s ,  i t  is categorized by the  plane' of e x i t  and the  number of co l -  
l i s i o n s .  I f  it does not e x i t ,  the  new i n t e r s e c t i o n  coordinates  a r e  
calculated and the procedure is repeated. The molecules can be followed 
f o r  any number of c o l l i s i o n s ,  bu t  normally a r e  l imi ted  t o  20, 50, o r  100 
co l l i s ions .  A flow diagram f o r  the  program showing the  most s i g n i f i c a n t  
l o g i c  blocks is presented i n  Figure 2. 
I f  
IV.  RESULTS 
A. Free Molecular Flow 
The transmission p robab i l i t y  f a c t o r ,  Kmc, f o r  i n f i n i t e l y  wide, 
p a r a l l e l  and skewed, f l a t  plates is presented g raph ica l ly  i n  Figures 3 
through 9. 
entrance r a t i o  for  p a r a l l e l  p l a t e s .  
Figure 3 shows these  f a c t o r s  a s  a func t ion  of t he  length- to-  
Also shown on t h i s  f i g u r e  a r e  
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Clausing's data .  Figures 4 through 6 present  the  hc values f o r  skewed 
f l a t  p l a t e s  diverging from the  d i r ec t ion  of flow, while Figures 7 through 
9 show the  hC values f o r  the converging p l a t e s .  It must be remembered 
that  i n  both cases molecules a re  en ter ing  the  system uniformly. 
presents  the  hC values a s  a function of the  angles of divergence. 
e a s i l y  seen from t h i s  f i gu re  tha t  a small angle  of divergence r ap id ly  
increases  the  transmission probabi l i ty  of the  system. Also one should 
expect,  i t  is e a s i l y  seen t h a t  for  a l l  L/A values  and l a r g e  angles  of 
divergence, the  bc values approach 1.0 rap id ly .  
Figure 10 
It is 
Tables I, 11, and I11 show the  f r a c t i o n  of molecules e x i t i n g  the  
system. These t ab le s  a r e  the L/A values  of 1, 2,  and 5 and show the  f r ac -  
t i o n  of molecules which leave the a r r a y  a t  the  e x i t  plane XL and which 
leave a t  the  entrance plane &. It is obvious f o r  the  column X, (corres-  
ponding t o  the  entrance plane) t ha t  no molecules can e x i t  without a t  
l e a s t  one c o l l i s i o n  with the f l a t  p l a t e s .  The designat ion "out" is used 
t o  show the  f r a c t i o n  of molecules making more c o l l i s i o n s  than those l i s t e d  
i n  the  tab les .  
B. Trans i t ion  Flow 
Using the simple approach explained e a r l i e r ,  the  mean f r e e  path 
w a s  var ied  t o  provide Knudsen numbers (based on the  entrance value A f o r  
a p a r a l l e l  p l a t e  system with L/A = 1 )  from 0.1 t o  1000. The hc values 
from t h i s  approach a r e  presented i n  Figure 11 and a r e  p lo t t ed  aga ins t  the  
Knudsen number. Also shown is the Clausing f a c t o r  f o r  L/A = 1. Perhaps 
the  most no t iceable  f e a t u r e  of t h i s  f i g u r e  is the  f a c t  t h a t  the  da ta  
approach the  Clausing f a c t o r  only when Q is g r e a t e r  than 30. 
i n t e r e s t i n g  f ea tu re  from the computer data  is that ,  f o r  a Knudsen value 
of 10, approximately 13 percent of the molecules had one intermolecular  
c o l l i s i o n ,  1 percent had two intermolecular c o l l i s i o n s ,  and .1 percent  
had three  c o l l i s i o n s .  For a Knudsen number of one only about 29 percent  
of the  molecules passed through the a r r a y  without a t  l e a s t  one c o l l i s i o n  
w i t h  another molecule. Figure 14 shows normalized transmission probabil-  
i t i e s  f o r  s eve ra l  L/A values .  
Another 
V. DISCUSSION OF ACCURACY 
The easiest :  way t o  es t imate  the  accuracy of the  Monte Carlo solu-  
t ions  is t o  compare the  r e s u l t s  with Clausing's r e s u l t s .  DeMarcus [ 6 ]  
has shown t h a t  Clausing's r e s u l t s  a r e  a t  l e a s t  0.1 percent  accura te .  
The Monte Carlo so lu t ions  do not approach that degree of accuracy. Fig- 
ure  12 presents  Monte Carlo so lu t ions  of transmiss ion p r o b a b i l i t i e s  f o r  
p a r a l l e l  p l a t e s  with an L/A r a t i o  of 2.  
numbers were used t o  generate  these va lues .  
.4517 and is given by the  s o l i d  l i ne .  
Ten d i f f e r e n t  s e t s  of random 
The Clausing s o l u t i o n  is 
Dotted l i n e s  above and below the  
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Clausing so lu t ion  ind ica t e  the  k1 percent and 22 percent values  around 
Clausing solut ion.  
It is r e a d i l y  seen t h a t  the so lu t ions  a r e  usual ly  wi th in  +1 percent.  
The I?,,c values f o r  the  t en  runs a r e  a l s o  p lo t t ed .  
Another method which can be used t o  check the accuracy of the  com- 
puter  program is based on the  grouping of t he  r e s u l t s  by c o l l i s i o n  number 
and the  analogy between r a d i a n t  hea t  t r a n s f e r  and f r e e  molecular flow. 
Since the  molecules a r e  assumed t o  en te r  uniformly over the  entrance plane 
and have a cosine d i s t r i b u t i o n  with r e spec t  t o  t h a t  plane,  the f r a c t i o n  
of molecules which passed through the  system and e x i t  without making a 
c o l l i s i o n ,  should be equal t o  the  form f a c t o r  f o r  r a d i a n t  hea t  t r a n s f e r  
between the  entrance and e x i t  planes.  From the  t en  so lu t ions  used i n  
Figure 12, t h e  f r a c t i o n  of molecules which make no c o l l i s i o n s  is p l o t t e d  
i n  Figure 13. The form f a c t o r  f o r  t h i s  configurat ion is .2361. Also 
shown are  the  +1 percent and 42 percent values around the form f a c t o r  
value. Again, it can be seen tha the  computer values  a re  near the  +1 per- 
cent value range. 
V I .  CONCLUSIONS AND DISCUSSION 
Monte Carlo so lu t ions  of transmission p r o b a b i l i t i e s  f o r  f r e e  molec- 
u l a r  flow through i n f i n i t e l y  wide, p a r a l l e l  and skewed, f l a t  surfaces  
have been presented. I n  add i t ion  t o  the gross r e s u l t s  which the t rans-  
mission p r o b a b i l i t i e s  represent ,  f u r t h e r  i n s i g h t  i n t o  the physical pro- 
per t ies  of the  flow was gained by tracking the molecules and recording 
t h e i r  c o l l i s i o n s  with the wal ls  and with other  molecules. It is believed 
t h a t  the  g r e a t e s t  advantage of Monte Carlo so lu t ions  l i e s  i n  the  f a c t  
t h a t  the  amount of information which one can gain from t h i s  type of 
approach is l imited only by the ingenuity of the inves t iga to r  and the 
ava i l ab le  computer time. 
While i t  has been demonstrated t h a t  most Monte Carlo so lu t ions  seem 
t o  be 1 percent t o  2 percent accurate  when compared t o  o the r  so lu t ions ,  
t he  writer does not  wish t o  imply t h a t  one could ob ta in  a Monte Carlo 
s o l u t i o n  and expect the r e s u l t s  each time t o  be t h a t  accurate .  No s i n g l e  
r e s u l t  can be judged independent of the  family of so lu t ions  and have t h i s  
level of confidence. Quite o f t en  data  with much l a r g e r  e r r o r s  are  gener- 
a t e d ,  bu t ,  when the family of da ta  is analyzed, those e r r o r s  a re  con- 
sp i c ious  and can be avoided. 
The simple model f o r  the  t r a n s i t i o n  o r  near-Knudsen flow is most 
l i k e l y  i n  e r ror .  It is f e l t  t h a t ,  when the molecule s t r i k e s  a wal l ,  i t  
w i l l  be emitted i n  a manner independent of i t s  previous path (a t  l ea s t ,  
a t  low molecular v e l o c i t i e s  with r e spec t  t o  the wa l l ) .  Therefore, a new 
f r e e  path length should be assigned t o  it. This has been t e s t e d  i n  the  
present  study, and, f o r  t he  s h o r t  ducts considered i n  Figure 14, t he re  
a r e  no not iceable  changes i n  the r e s u l t s .  It is expected t h a t  f o r  longer 
ducts ( i . e . ,  L/A values of about 10) noticeable differences w i l l  appear. 
These results  w i l l  be published later.  Also,  the molecule-molecule col-  
l i s i o n  dynamics are certainly oversimplified a t  this  tike. Introduction 
of persistence of v e l o c i t i e s  density gradients , etc .  is being incor- 
porated into the study. 
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TABLE I 
FRACTION OF MOUCULES EXITING SYSTEM AS A FUNCTION 
OF THE NUMBERS OF COLLISION 
L/A = 1.0 
Values f o r  A n g l e  E 
























. 01 32 
.0048 
.0017 










































. O O O l  





















. 001 3 
.0011 
. O O O l  
.0,002 





FRACTION OF MOLECULES EXITING SYSTEM AS A FUNCTION 
OF THE NUMBER OF CX)LLISIONS 
L/A = 2.0 



































































































































FRACTION OF MOLECULES EXITING SYSTEM AS A FUNCTION 
OF THE NUMBER. OF COLLISIONS 
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